Hyperelastic materials models are well established to describe the non-linear stress-strain relations of elastomers. In this paper, a polyurethane adhesive is considered as an exemplary material and subjected to tensile, compressive and shear tests. Conventional hyperelastic models are unable to capture the mechanical behaviour satisfyingly: If the model agrees with the test results at large strains, it underestimates the stiffness at low strains significantly. We propose a model extension to describe a kind of exponential decay of stiffness which bears some similarity with a specific model developed by Yeoh. The new hyperelastic model is coupled with linear viscoelasticity to account for the strain rate dependence observed for the tested material.
Introduction
Elastomers have the capability to undergo very large deformations and exhibit non-linear stress-strain relations. Two different approaches have been developed in the last decades to model their mechanical behaviour: micromechanical network models and hyperelastic potential models.
The first approach considers the molecular chains in the elastomer from a statistical point of view. Kuhn (1936) calculated the entropy of an idealized molecular chain depending on its stretch and derived the force opposing the elongation of the chain. In the molecular network of an elastomer the chains have arbitrary orientations, so that a kind of averaging is required to obtain the global material response (Treloar, 1954; Wu and van der Giessen, 1993) . A well known example for a model considering a finite number of orientations is the 8-chain model of Arruda and Boyce (1993) . Recent work on this modeling approach considers chain interactions, the contributions of entropy as well as energy, statistics of chain length distributions, Mullin's effect, and viscoelasticity (see e.g. Miehe et al., 2004; Miehe and Göktepe, 2005; Göktepe and Miehe, 2005; Balabaev and Khazanovich, 2009; Itskov and Knyazeva, 2016; Lorenz, 2012; Rebouah and Chagnon, 2014; Smeulders and Govindjee, 1999) . While this class of models offers the chance to simulate complex material behavior using a comparatively low number of physically meaningful parameters, the numerical effort required to realize the network models in a finite element analysis is usually much higher than for phenomenological models.
Phenomenological models adopt a continuum mechanics point of view and disregard the microscopic structure of the material. The hyperelastic material models describe the non-linear elastic behavior by formulating the strain energy density as a function of the deformation state. This elastic potential is expressed as a function of either the strain invariants or the principal stretches. An example for an early hyperelastic model is the work of Mooney (1940) which formulates the potential of an incompressible material as a function of the invariants I 1 and I 2 of the right Cauchy-Green strain tensor. Rivlin (1948) proposed a generalization to a polynomial of the strain invariants. While polynomial models of high order can provide a good approximation of a given stress-strain curve, high order models are not well suited for extrapolation and have a limited range of stability. A deliberate restriction of admissible stretches was proposed by Gent (1996) to consider the limited extensibility of polymer chains. The resulting model bears similarity to the 8-chain model (Boyce, 1996) . Ogden (1972) formulated a hyperelastic potential based on the principal stretches instead of the strain invariants. This potential consists of power functions of the stretches with arbitrary exponents, so that in some cases measured stress-strain curves can be fitted well using a lower number of model parameters than polynomial models need. A similar power law formulation using invariants was suggested by Swanson et al. (1985) . A large number of hyperelastic models has been developed so far, most of them based on the strain invariants. Reviews and comparisons have been recently published by Marckmann and Verron (2006) ; Martins et al. (2006) ; Vahapolu and Karadeniz (2006) ; Steinmann et al. (2012) ; Chagnon et al. (2015) . Yeoh (1990) noted in investigations on a black-filled rubber that the material showed a significant decrease of shear modulus at low strains which could not be described well using a hyperelastic model formulated in a polynomial of the invariants. At first he suggested to explain this material behavior by fillerfiller or filler-rubber interactions, but later he observed the same phenomena in unfilled rubber (Yeoh, 1993) , so that he had to discard this explanation. Yeoh (1993) proposed to consider the observation in the hyperelastic model by adding an exponentially decaying term to the strain energy density of the model today known as Yeoh model, a reduced polynomial model of third order. A combination of this exponential term with the model of Gent (1996) was developed by Yeoh and Fleming (1997) . On the level of statistical models, Thomas (1955) proposed an additional term to the force extension relation of a single molecular chain which leads also to a decrease in stiffness for small strains.
Subject of the current paper is the hyperelastic modelling of a polyurethane adhesive. This material also exhibits a fast decrease of stiffness at low strains which is not well described by widespread hyperleastic models. Without prior knowledge of the work of Yeoh (1993) , we developed a different approach to introduce an exponential decrease of a part of the stiffness into the hyperelastic model. In combination with linear viscoelasticity the new hyperelastic model is able to predict the behavior of the investigated adhesive under different loading conditions and strain rates.
Experiments

Material
The material "Betaforce 2850L" produced by Dow is a cold-curing, two component polyurethane adhesive. It has a glass transition temperature about -45
• C. In specimen manufacture the adhesive was cured one week at room temperature, then exposed to a temperature of 85
• C in an oven for one hour, and finally stored at room temperature for at least one week before performing the experiments.
Tensile tests
Tensile tests were performed on dog-bone shaped specimens according to DIN EN ISO 527-2 with a parallel specimen length of 80 mm and a cross section of about 10 mm × 4 mm. The elongation was measured by a mechanical displacement transducer on an initial measurement length of 50 mm. Tests were performed at engineering strain rates of 0.005, 0.05, 0.5, and 5 s −1 . The resulting stress-strain curves are displayed in figure 1 to 4. The figures contain the results of tests on four specimens as well as the stress-strain curves from models which will be discussed in section 5.2.1.
The stress-strain curves at the four strain rates have a similar shape. At higher strain rates a higher stiffness is visible as it is to be expected for a viscoelastic material. The curves exhibit no S-shape, i.e. there is no increase of slope before fracture. 
Compressive tests
Compressive tests were performed on cylindrical adhesive samples with a diameter about 20 mm and a height about 10 mm. A very thin layer of grease was applied on the top and bottom surface to reduce the effect of friction before the specimen was placed between two pressure plates. A specific setup ensured the parallel alignment of the pressure plates in the servohydraulic test machine. The change of distance between the pressure plates was measured using a mechanical displacement transducer to obtain the strain in the adhesive. Tests were performed at engineering strain rates of 0.0005, 0.005, and 0.05 s −1 . The specimens were loaded up to an engineering strain of -0.8. No cracks in the specimen were observed during the tests or after unloading. Additionally, compression tests were performed as creep tests at two load levels (4.6 and 6.9 MPa, figures 8 and 9). The force was applied within 0.2 s and then kept constant over 10 h duration. 
Lap shear tests
Thick adherend lap shear tests were performed according to DIN 6701-3. The specimen geometry is sketched in figure 10 . The adherends were made from aluminium AW 6082 and pretreated by wiping using isopropanol. The specimens were clamped at a free length of 80 mm and loaded at a constant crosshead displacement velocity according to nominal strain rates of 0.01, 1, and 5 s −1 . A mechanical displacement transducer was used to obtain a local measurement of elongation on a measurement length of 35 mm. Shear stress -shear strain curves were evaluated by considering the nominal shear strain based on the local displacement measurement and the nominal shear stress. This evaluation neglects the stress inhomogeneity in the adhesive layer and the bending of the thick adherends. It should be noted that neglecting effects of inhomogeneity and bending in lap shear tests is usually inappropriate in case of stiff adhesive layers. To check whether this simplification causes a significant error, a finite element analysis of the lap shear test was performed using the finite element software Abaqus (Dassault Systemes, 2014) . The specimen was modelled in three dimensions with linear, reduced integration, quadrilateral elements and an element edge length ranging between 0.5 and 1 mm. Hybrid elements were used in the adhesive layer employing a first order Ogden model with material parameters given in table 3. Not the entire 180 mm length of the specimen was modelled, but only the 80 mm between the clamps in the test. Displacement boundary conditions were prescribed at the model faces at the two clamps. The displacements were evaluated at the positions where the displacement transducer is fastened in the experiment. Engineering stress and strain were calculated from these displacements and from the reaction forces in the simulation in the same way as the measurements in the experiment were evaluated. Figure 11 shows the result as a red curve. For comparison, the black curve displays the behaviour of the same material model under ideal simple shear conditions which was obtained by performing a one-element-test. The difference is quite small, at a strain of 1.5 it is less than 4 % of the stress. The results of the lap shear tests at three different strain rates are displayed in figure 12 to 14. The increase in stiffness at increasing strain rate due to viscoelasticity can clearly be seen in comparison of figure 12 and 13 which differ by a factor 100 in strain rate. Concerning the shape of the stress-strain curves, at first they show a decrease of slope until a strain of about 0.2 is reached. Afterwards, the curve is approximately linear, until the stress comes close to its maximum, when probably damage processes cause a decrease of slope. The curves of the simulations are topic of section 5.2.2. 
Butt joint tests
Two kinds of butt joint specimens were manufactured by bonding two cylindrical steel adherends with 15 mm diameter by an adhesive layer of either 2 or 5 mm thickness. A tensile load was applied at an engineering strain rate of 0.005 s −1 . The relative displacement of the two steel adherends was measured using a displacement transducer to obtain the strain of the adhesive layer. Due to the relative compliance of the adherends and the adhesive layer, the contribution of the steel deformation to this measurement is less than 0.1 % of its value. The manufacture and testing of the butt joint specimens was performed at the Laboratorium für Werkstoff-und Fügetechnik of Paderborn University.
Since the elastic modulus of the adherends is higher than the modulus of the adhesive by more than a factor 10 4 , the adherends show only very little lateral contraction and restrict the lateral contraction of the adhesive. This restriction causes the adhesive in the butt joint to exhibit a stiffer behaviour than the adhesive in a uniaxial tensile test. Since lateral contraction of the adhesive in the butt joint can mainly happen close to the free surface of the adhesive, the amount of restriction and thus the stiffness depends on the ratio of adhesive layer thickness to specimen diameter. With decreasing aspect ratio of adhesive layer thickness to specimen diameter, the test approaches the limit of the restricted tension test and the stiffness increases (Lindley, 1979) . Figure 14 displays the engineering stress-strain curves obtained from the tests. The curves of the specimens with thinner adhesive layer show a higher slope than the curves of specimens with thicker layer due to the higher amount of restriction of lateral contraction. 
Application of established hyperelastic models
In this section we will check the accuracy of a fit of the experimental data from the tensile test at one arbitrarily chosen strain rate by some well established hyperelastic models which are available in several commercial finite element programs. Because the material is nearly incompressible and no loadings with a high ratio of hydrostatic stress to the von Mises equivalent stress are considered, only incompressible models are tested in this section. The first subsection shows models which are unconditionally stable, i.e. fulfill the Drucker stability criterion for any strain state. An example of these kind of models are polynomial models of first order. Higher order models often allow a more accurate description of a single test, but care must be taken since their range of stability might be limited and their extrapolation to different kinds of loading may be questionable. Table 1 lists the strain energy density functions of the unconditionally stable models which have been used to fit the results of the tensile test at a strain rate of 0.005 s −1 . They contain the reduced polynomial, full polynomial and Ogden model of first order. The Arruda-Boyce model contains terms of higher order, but in a special form with only two free parameters, so that it ensures stability. I 1 ,Ī 2 denote the deviatoric strain invariants, which depend on the principal stretches λ 1 , λ 2 , λ 3 as follows:
Unconditionally stable models
(1) Model Potential neo-Hooke The different models have been fitted to one typical stress-strain curve. The results of the parameter optimizations are displayed in figure 16 . The MooneyRivlin model and the first order Ogden model describe the results of the tensile tests quite well. However, a closer look at the model behavior at moderately low strains (figure 17) shows that the stiffness of the material is initially about 50 % higher than the stiffness of the models. 
Conditionally stable models
The deviation between experiment and model for small strains can be decreased by choosing a model of higher order. Figure 18 shows the results of fits using the models listed in table 2. While the Yeoh model (without additional exponential term) still shows a significant deviation from the test results at low strains, both polynomial and Ogden model of second order provide a good fit over the entire strain range. A major drawback of the higher order models is their limited stability. Under uniaxial compression the polynomial model with the specific parameters obtained from the fit becomes unstable at a strain of only -17 %. The Ogden model of second order has a large range of stability in compression (-34 %), but reaches the stability limit in tension already at 184 %.
A second disadvantage of the models of higher order which provide a good fit to the tensile test data is their extrapolation to other loadings. Figure 19 shows the predictions of the same models for the lap shear tests. The result of the Ogden model of first order has been added to the figure for comparison, it gives a much better prediction of the shear behavior than the second order Ogden model. The measurement curve in figure 19 is approximately linear for strains larger than 0.2. The initial modulus is considerably higher than this slope, though, and decreases rapidly until a strain of about 0.1. This kind of behavior cannot easily be described by a polynomial model, but may be caught in a model which assumes a decay of a part of the modulus during the deformation up to a strain of 0.2.
In summary, section 3 has shown that all established hyperelastic models tested here are unable to provide an accurate fit of the experimental data of the considered adhesive. We made similar observations for other adhesive materials which are not shown in this paper.
New viscoelastic-hyperelastic model
New hyperelastic potential
The aim of the new model is to close the gap between experimental observations and hyperelastic models at low strains without accepting the disadvantages of limited stability or poor extrapolation like in the Ogden model of second order. The basic idea is that a part of the stress decays exponentially with increasing deformation. We noticed later that this idea was already proposed by Yeoh (1993) who suggested to extend the well known Yeoh model, a reduced polynomial model of third order, by an additional exponential term. The strain energy density in this extended model of Yeoh is
Here, the constants C i0 denote the material parameters of the polynomial model, the parameter A defines the magnitude of the contribution of the exponential term to the stresses, and the constant B determines how fast the exponential term decays. We suggest a different approach to introduce the exponential decay into the hyperelastic potential. Instead of the additive contribution to the potential which results in an additive contribution to the stresses, the stresses are multiplied by a factor expressing the exponential decay. This approach can conveniently be applied to any existing hyperelastic model to introduce the exponential decay of a part of the initial stiffness. Let U old be a an arbitrary strain energy density function of a hyperelastic model not yet containing the exponential decay. Then, a new potential is defined by
using a scalar function f which needs yet to be determined. The stresses in hyperelastic models are determined by derivatives of the potential. According to the chain rule, any first derivative of the new potentials differs by a factor of the derivative of the old potential:
The factor shall provide the exponential decay of a part of the stress at increasing deformation. This is achieved by choosing
where c is the decaying fraction of the initial stiffness and U 0 is a reference value of the old potential determining how fast the stiffness decays. By integrating (6) the new potential with the desired property is obtained:
This new approach can be applied to any existing hyperelastic model. In the following sections its application to an Ogden model of first order shall be considered in particular. The strain energy density of Ogden model consists of a deviatoric and a volumetric part:
The constants µ, α are defined in the notation employed in Abaqus so that µ has the meaning of the initial shear modulus. The original formulation of Ogden (1972) uses a factor µ/α instead of 2µ/α 2 . K denotes the compression modulus. In a first step we formulate an incompressible model, thus we consider only the deviatoric part U dev of the potential.
The new hyperelastic potential defined by equations (7) to (9) was implemented in the commercial finite element code Abaqus using the user-subroutine UHYPER. The main difficulty of the implementation was due to different formulations used by the interface of Abaqus and the model: Abaqus requires the potential and its derivatives as a function of the strain invariants, while the Ogden model and consequently the new model are considering the potential as a function of the principal stretches. Nevertheless, an efficient implementation was created. In a test simulation of an adhesive joint the implementation of the new model demanded no significantly higher computational cost than the built-in implementation of the original Ogden model.
The parameter identification for the new hyperelastic model can be performed by fitting the stress-strain curve of the tensile test just like for other hyperelastic models. Experiment and model were evaluated at 100 time points, and the sum of the squared differences between measured and simulated stress was calculated. The minimization of this error value by sequential least squares programming lead to the optimized set of the four parameters (µ, α, c, U 0 ). Only the parameter U 0 appearing in the exponent in the function f requires some special attention: If its initial value is chosen much too large or small, then the derivative of the error with respect to U 0 is very small and gradient based optimization algorithms will not find the optimal parameters. This risk can be avoided by optimizing the parameters for the original Ogden model (c = 0) first. With these initial values for µ and α the value of the Ogden potential U Ogden is calculated for some low value of strain in the uniaxial test, e.g. 10 % strain. This gives a suitable initial value of U 0 for the parameter optimization.
Compressibility
To extend the model to compressible material behavior, the volumetric part U vol of the Ogden potential (8) needs to be considered as well. We apply the function f modifying the potential only to the deviatoric part:
This leads to much less complicated derivatives of the potential than applying the function on the entire U Ogden , so that the implementation of the model is easier and the computational effort in finite elements is smaller. The choice is made for solely numerical reasons, because the available experimental data is not sufficient to decide whether a decay of stiffness under hydrostatic loads would be a more appropriate description of the adhesive material. The compression modulus K cannot be identified from the same tensile stress-strain curve as the other parameters of the hyperelastic model. In principal it should be possible to calculate the compression modulus from the Poisson's ratio ν obtained from a measurement of lateral contraction in the same tensile test in the limit of small strains:
However, the compression modulus is very sensitive to small changes of Poisson's ratio if the material is nearly incompressible (ν ≈ 1/2). Therefore, inevitable uncertainties and scatter of the measurement prohibit an accurate determination of the compression modulus from the tensile test. Better suited to determine the compression modulus for nearly incompressible materials are tests with a higher trixiality of the stress state. Therefore, we employed two butt joint tensile tests to identify the compression modulus. Since the steel adherends have a much higher elastic modulus than the adhesive, the strains in the adherends are small and their lateral contraction may be neglected. For the linear elastic case, Lindley (1979) derived a closed form solution for the effective elastic modulus of a cylindrical, elastic layer of thickness h and diameter w between two rigid circular discs:
w 2 = h 64 15
In this equation (13) λ does not denote a stretch but the Lamé's first parameter. The ratio of the effective modulusẼ considering the restriction of lateral contraction to the unconstrained elastic modulus E depends on the adhesive layer aspect ratio h/w and the ratio of compression to shear modulus K/µ. Therefore, the ratio K/µ can be calculated if the stiffness of the butt joint has been measured for two different aspect ratios h/w. The butt joint tests described in section 2.5 were performed for one diameter w and two different thicknesses h. The response of the specimen was non-linear, so that the solution of Lindley is not valid for large strains. However, the ratio of the stiffness of the specimens with thin adhesive layer to the specimens with thick adhesive layer was approximately constant for strains below 5 %. This is shown in figure 20 where the red lines display the stress-strain curves of the specimens with thin adhessive layer. The specimens with thicker adhesive layer are less stiff, but if the stress is multiplied by a constant factor, these tests yield very similar curves. The blue curves origin from the tests with thick adhesive layer scaled by a factor 2.05, the blue curves are gained using a factor 2.2. It seems that the stiffness ratio between thin and thick adhesive layer is between 2.05 and 2.2. Using (13) we calculate a compression modulus range 20.15 ≤ K/µ ≤ 24.9 and select K = 22.4µ which corresponds to a Poisson's ratio at small strains of 0.478.
Since equation (13) strictly holds only for infinitely small strains and linear elastic behaviour, the validity of the evaluation approach for the non-linear Figure  21 shows the engineering stress-strain curves obtained from the simulated butt joint tests. If the stresses evaluated for the specimen with the thicker adhesive layer are multiplied by a factor 4.6, the resulting curve fits well to the stressstrain curve of the thinner adhesive layer at strains below approximately 7 % strain. The evaluation of this stiffness factor using (13) yields a ratio of compression and shear modulus K/µ = 22.3 while the value used in the simulation was K/µ = 22.4.
Viscoelastic-hyperelastic model
The investigated adhesive exhibits a strain rate dependent behaviour at room temperature. This property was considered by combining the new hyperelastic model with linear viscoelasticity. Fortunately, it was not necessary to implement this viscoelastic-hyperelastic model as a user subroutine, since the employed finite element software (Abaqus) offers the capability to couple any user-defined hyperelastic model with linear viscoelasticity. The viscoelasticity model used is a generalized Maxwell model expressed as a Prony series with relaxation times τ i and normalized coefficientsḡ i : The parameters of the viscoelastic part of the model (τ i ,ḡ i ) were identified using the creep compression tests. The tests results at the two different load levels showed only a small difference, so that their evaluation assuming linear viscoelasticity was justified. The creep compliance was evaluated as a function of time and fitted by a kind of Prony series with 7 terms (figure 22). A Laplace transformation was applied to obtain the corresponding relaxation function and the parameters of the Prony series (15). It should be noted that the creep test was not chosen because of preference but because of the availability of data in the project. In most cases a tensile relaxation test will be better suited for the identification of the viscoelastic parameters than the compressive creep test. Alternatively, the parameters can be identified using the results of tensile tests at several different strain rates. For the experimental data considered in this paper, the parameter identifications from the creep tests and from the tensile tests at different strain rates yielded very similar results.
Once the viscoelastic parameters have been identified from the creep test and the ratio between compression and shear modulus from the two butt joint tests, these parameters are kept constant. The remaining parameters of the hyperelastic model are now identified using the tensile test as described in section 4.1. The only difference from the determination of parameters of the model without viscoelasticity is that now the simulations of the tensile test consider the viscoelasticity.
Results and discussion
After the model has been formulated and the parameters identified, now the model predictions for those tests which have not been used for parameter identification shall be presented. The validation is split into two parts. First, we compare the results of the new hyperelastic model at a single strain rate to existing models. Next, we show the predictions of the new visoelastic-hyperelastic model at different strain rates. Figure 23 displays a stress-strain curve of a tensile test and the results of four models fitted to this experimental data. The Ogden model of first order is shown as a reference for the other models. Those three models all include some exponential function to provide a decay of stiffness. This feature enables them to give a good description of the entire stress-strain curve, while the more simple Ogden model significantly deviates from the experiment concerning the initial stiffness.
Hyperelastic models
The first of the three models using the exponential function is the model of Yeoh (1993) . The second model uses our new approach to introduce the exponential decay, but is using on the same basic Yeoh model (eq. (3), Yeoh, 1990) as its basic potential (U old = U Yeoh ). The third model also uses the new approach and is based on the Ogden potential of fist order (U old = U Ogden ). The values of the parameters identified for the three models are given in table 3.
Lap shear tests and compressive tests have been chosen to test the prediction of the models under different loading conditions. Since the hyperelastic models without viscoelasticity cannot consider the strain rate dependence of the material behavior, care was taken to perform the tests at similar strain rates. Figure  24 displays the results for the shear loading. The measurement curve shows a bend at the start of the test and an approximately linear behavior afterwards. The Ogden model fails to capture this feature of the curve even qualitatively. The models containing the exponential functions, however, predict the bend in In the simulation of the compressive test in figure 25 the new model based on the Ogden potential predicts the experiment significantly better than the model of Yeoh (1993) (table  3) the exponential term in the potential decays almost completely before the higher order terms in the Yeoh potential become significant, i.e.
With this approximation the new model based on the Yeoh potential simplifies to
The comparison to the Yeoh model with the additional exponential term
shows that the two potentials are approximately equal for a certain choice of parameters, e.g. c U 0 = A/B. A check with the parameters of table 3 confirms that the parameter optimizations found two equivalent sets of parameters. Considering the quality of the model fit to the tensile tests and the results of the model validation in lap shear and compressive tests, it is evident that the idea of an exponential decay of a part of the stiffness leads to a significant improvement of the description of materials like the investigated adhesive. The validation on the experimental data presented in this paper does not allow to show unambiguously if a model based on the Yeoh potential or the Ogden potential simulates the real material behavior better than the other. Anyway, it seems likely that such a result would depend on the specific investigated material.
Keeping in mind that there is no universally favourable hyperelastic model, it is desirable to be able to apply the modification with a decaying stiffness to any hyperelastic potential to improve the model for low strains. The approach suggested in this paper (7) is constructed to be applicable to any hyperelastic model. The additional exponential term (2) proposed by Yeoh (1993) can also be added to any hyperelastic model. According to our best knowledge, so far it has been applied to the models of Yeoh (1990) and Gent (1996) (see Yeoh, 1993; Yeoh and Fleming, 1997) .
Let us now compare the approaches of Yeoh and of the current paper to extend arbitrary hyperelastic models:
The factor 1 − c in front of U old does not lead to a different model, because it is equivalent to a change of some model parameters (e.g. C ij in polynomial models or µ i in Ogden models) by this factor. If the coefficients in front of the large brackets are chosen so that A/B = c U 0 , then the only remaining difference is the exponent. In our model (20) the exponent consists of the original hyperelastic potential scaled by some parameter. In the approach of Yeoh (19) it is chosen to beĪ 1 − 3 scaled by some parameter, which is the potential of the neo-Hooke model. This means that the approach of Yeoh combines to kinds of dependencies on the strain invariants or on the principal stretches: the basic model U old depends on the invariants in a certain way, and the exponential term has the simple dependence onĪ 1 of the neo-Hooke model. In this regard our approach is a more straightforward model extension, since it does not change the way the invariantsĪ 1 ,Ī 2 or stretches enter the potential. In many cases the difference between the two approaches will be negligibly small like it was shown in figures 23 to 25. The exponential term is responsible for a decay of stiffness at low to moderate strains, it is irrelevant for larger strains. In the limit of small strains the hyperelastic models usually converge to a behavior of neo-Hookean type. This has been numerically tested using the test data of our investigated adhesive for the extensions of the Mooney-Rivlin model and of the first order Ogden model. In both cases, no significant differences between the two approaches of model extension were visible in the simulations of uniaxial and shear tests. For the extensions of the Ogden model we will now consider the differences analytically.
The two potentials U new and U Yeoh,new can describe the same material behavior, if the exponents can be made equal by an appropriate choice of the parameters B and U 0 . This means that the original potential U old needs to be proportional toĪ 1 − 3, and the deviation from this proportionality determines the amount of difference between the two approaches. If we consider the Ogden model of first order (9) as the basis of the model extension, consider uniaxial loading with λ 1 = λ u , λ 2 = λ 3 = λ 1/2 u and make use of the definition of the invariants (1), we obtain a relation between U old andĪ 1 − 3. A Taylor series expansion around λ u = 1 gives
(21) The terms in the rectangular brackets containingĪ 1 − 3 determine the amount of deviation from the proportionality. If we set the model parameter α = 1.13 and assume that the decay of stiffness happens in the range λ < 1.2, then the magnitude of the term of order 1/2 is less than 3 % and the term of order 1 less than 0.4 %. In the same way the case of shear loading can be considered and results in the relation
which deviates even less from proportionality than the results for uniaxial stresses if α < 2.
Viscoelastic-hyperelastic model
The combination of the hyperelastic models discussed in the previous subsection with viscoelasticity is supposed to be able to predict the material behaviour at different strain rates. Now the model consisting of linear viscoelasticity, the Ogden model of first order and its extension according to the new approach defined in section 4.1 will be validated.
The model parameters were identified using the relaxation test, the stiffness ratio comparing butt joint tests at two values of adhesive thickness, and a tensile test at one strain rate (0.05 s −1 ). From the tests listed in section 2 this leaves the tensile tests at the other strain rates, the lap shear tests, the compression tests, and not yet used data from the butt joint tests to validate the model.
The identification of the parameters of viscoelasticity was described in section 4.3, the identification of the ratio between compression and shear modulus from the butt joint tests in section 4.2. To identify the missing parameters of the hyperelastic model, simulations of the tensile tests were performed using the complete material model containing both viscoelasticity and hyperelasticity. Due to the homogeneity of the tensile test this simulation could simply be performed using a single finite element. The parameters of hyperelasticity were optimized, until a good match between simulation and measurement of the tensile test was reached. This parameter identification does not assume that the material behaviour at the specific strain rate of the tensile test is purely elastic without visoelasticity.
In the following subsections the results of the validation will be discussed. In order keep the size of the paper within limits, the simulated stress-strain curves have been displayed together with the results of the experiments in section 2. The measurement curves of all individual specimens are shown in different shades of green to give an impression of the experimental scatter. The blue curve is the result of a simulation using the new model. As a reference the result of a usual Ogden model of first order combined with linear viscoelasticity is shown as red curve.
The selection of the types of experiments used in the validation was made for reasons of simplicity of tests (uniaxial tension and compression) and relevance for adhesive joints (lap shear and butt joint tests). It should be noted that this selection does not cover all possible stress states. For example, equi-biaxial tests are considered an important test case for rubber-like materials in general (e.g. Marckmann and Verron, 2006) . In the special case of adhesive joints the shear dominated stresses in lap shear tests and the high restriction of lateral contraction in butt joint tests are representative for the most important load cases in applications.
Tensile test
The results of the tensile tests not used for parameter identification are displayed in figures 1, 2, and 4. The strain rate dependence is predicted well by the model. The new model but not the basic Ogden model succeeds to predict the high stiffness at low strains.
The tensile test at a strain rate of 0.05 1/s was used for parameter identification, so that the agreement between experiment and simulation in figure 2 shows the success of the parameter fit but should not be considered as a validation of a model prediction.
Lap shear test
The results of lap shear tests at three different strain rates are shown in figures 12 to 14. Both strain rate dependence and the bend in the beginning of the curve are predicted well by the new model. At shear strains larger than 50 % the models overestimate the stress slightly. This overestimation is not a special feature of the new model, but in that strain range the new model and the basic Ogden model predict the same stress-strain curve.
It should be noted that no test with a shear load was used for parameter identification, but only uniaxial test data.
Compression test
The results of uniaxial compressive tests at three different strain rates are shown in figures 5 to 7. The model predicts the strain rate dependence satisfyingly. Figure 26 shows the beginning of the test at 0.05 s −1 up to 20 % shear strain so that the improvement by the new model at low strains is better visible. 
Butt joint test
The butt joint tests at both 2 mm and 5 mm adhesive layer thickness have been employed in the parameter identification. However, only the stiffness ratio comparing both tests was used, so that the absolute value of the stiffness as well as the shape of the curve can still be used for validation. The results are displayed in figure 27. The simulation of the butt joint tests used an axial symmetric model of the adhesive layer using 8-node quadrilateral hybrid elements with linear pressure and reduced integration (CAX8RH). The element edge length was 0.25 mm. The displacement in load direction was prescribed for the nodes on the top and bottom of the adhesive layer.
Conclusions
The material considered in the experimental part of this paper is a typical polyurethane adhesive which is used in the automotive industry. While it exhibits a hyperelastic mechanical behaviour, the well established hyperelastic models available in commercial finite element software fail to describe it accurately. The measured stiffness of the material at low strains is about 50 % higher than the model prediction. This gap between experiment and simulation is closed by the proposed model as well as by the approach of Yeoh (1993) .
The new model was implemented via user subroutine in a commercial finite element code. No significant increase of the overall numerical cost of the simulation due to the more complex model was noticed. Two additional model parameters are required, but their identification requires no additional experiments and caused no difficulties. Therefore, the use of the extended model can be recommended for all those hyperelastic materials which show a similar deviation from the standard models.
The model was combined with linear viscoelasticity and succeeded to predict the rate dependence of several tests. It should be noted that this rate dependent data was not used in the parameter identification. A uniaxial tensile test at one constant strain rate, one creep test and two butt joint tests were sufficient to obtain the model parameters. The calibrated model predicted tensile, compressive and shear tests at several strain rates well. From an application point of view it is very appealing to get this quality of prediction based on such a low number of experiments for parameter identification. Future research will show whether this low experimental effort of the parameter identification is specific to the investigated adhesive or sufficient for a broad class of materials.
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